FAMILIES OF VALUATIONS AND SEMIGROUPS
OF FRACTIONARY IDEAL CLASSES

BY
ELBERT M. PIRTLE, JR.

Introduction. Let R be an integral domain with quotient field K. For any
valuation v on K which is nonnegative on R, we let P(v)={x € R | v(x)>0}. P(v) is
a prime ideal of R and is called the center of v on R. In this paper we are concerned
mainly with integral domains R which satisfy the following: There exists a family
F of valuations on K such that

(i) Each v € F has rank one.

(i) R=ver Ry

(iii) R,= Ry, for each ve F.

A family F of valuations on K is said to be of finite character if for x € K, x+#0,
there are only a finite number of v € F such that v(x)#0. R is called a Krull domain
if there is a family F of finite character satisfying (i), (ii), (iii), with the additional
requirement that each v € F be discrete. R is called an almost-Krull (AK) domain
[7] if Rp is a Krull domain for every proper nonzero prime P of R. It follows that
R is almost Dedekind (AD) iff R is an AK-domain in which proper prime ideals
are maximal [7].

Using the family F of valuations we construct a partially ordered semigroup
Z(R) of fractionary ideal classes in §1 and study the relation between 2/(R) and
2(R), the divisor group of R (see [1]). Necessary and sufficient conditions for </(R)
and 2(R) to be isomorphic are determined. In §2, condition (S) of [3] is studied.
§3 consists of an example.

The notation concerning Z(R) is that of [1]. Otherwise, the notation of [8] is
used. Prime ideals are always nonzero and not all of R.

1. In order to make this paper as self contained as possible we first list the
necessary background results from [1]. R will denote a commutative integral
domain with identity and quotient field K. I(R) will denote the collection of non-
zero fractionary ideals of R. A fractionary ideal of the form Rx, x € K, x#0, is
called a principal fractionary ideal.

A relation < is defined on I(R) as follows: A <B iff every principal fractionary
ideal of R which contains A4 also contains B. The relation < is a preorder on I(R);
i.e., < is a symmetric, transitive relation. If we define = on I(R) by A=Biff A<B
and B<4, then = is an equivalence relation on I(R). For 4 € I(R), divg (4)
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denotes the equivalence class of 4 with respect to = and is called the divisor of 4;
2(R) denotes the set of all such equivalence classes.

For A € I(R), we put A=\ cr. Rx. A fractionary ideal B of R is said to be
divisoriel if B=B. It follows that for 4 € I(R), divy (4)=div () and that A is the
unique divisoriel fractionary ideal belonging to div; (4). It also follows from the
definition that (AB)~=(4B)~ for A, BeI(R) so that 2(R) together with the
operation +, defined by divy (4)+div; (B)=divy (4B), is a commutative semi-
group with identity 0=divy (R). If we define < on 2(R) by divy (4) <div, (B)
iff A<B then 2(R) is a lattice ordered semigroup with respect to the partial
ordering <. Furthermore, Z(R) is a group iff R is completely integrally closed
[1, p. 5, Theorem 1].

Let F be a family of valuations on K with the following properties:

(i) Each v € F has rank one.

(i) R=(ser Ry

(iii) For each v € F, R,= Rp,, where P(v) denotes the center of v on R.
Occasionally in place of (i) we shall substitute

(i") Each v € F has rank one and is discrete.

DEFmNITION 1.1. For v € F, A € I(R), put v(4)=inf {v(a) | a € 4}.

LeMMA 1.2. If A, Be I(R), v € F, then v(AB)=v(4)+v(B).

Proof. See [4, p. 712], Theorem 1, part (2).

Now, for A, B € I(R), define A~ B iff v(4)=v(B) for all ve F. Then ~ is an
equivalence relation on I(R). For A € I(R) we let [A] denote the equivalence class
of A with respect to ~, and we let &/(R) denote the set of all such equivalence
classes.

Define + on &/(R) by [4]+[B]=[4B]. Then + is well defined. Since multi-
plication of fractionary ideals is commutative and associative, .2Z(R) together with
+ is a commutative semigroup with identity 0=[R].

LemMa 1.3. If A= Rx is a principal fractionary ideal, then v(4)=v(x) for all v € F.

Proof. v(A4)=0v(Rx)=inf,,cr, v(rx)=inf,c; v(r)+v(x) =v(1) + v(x) =0v(x).

If G is a group and I is any nonempty index set, we let G’ denote the direct
product of I copies of G and we let G denote the direct sum of I copies of G.
We shall assume that the value group of each v € F is a subgroup of the additive
group of real numbers. When v € Fis discrete we assume, without loss of generality,
that the value group of v is the additive group of integers. X denotes the real
numbers and Z denotes the integers.

PROPOSITION 1.4. Let F={v; | i € I} where I is an index set. The map f-: o/ (R) — X',
defined by f([A]) = (vi(A4))ic1, is a monomorphism.

Proof. The proof is straightforward and is omitted.
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It follows from Proposition 1.4 that &/(R) is a semigroup in which the cancellation
law holds.

We now introduce a partial ordering for .27(R).

DErFINITION 1.5. For [4], [B] € #(R), put [A] = [B] iff v(4) < v(B) for all v e F.

PRrROPOSITION 1.6. &(R) is partially ordered by <.

Proof. The proof is straightforward and is omitted.

As usual, if [4], [B] € #(R) are such that [4]<[B] and [A]#[B], we write
[4] <[B]. Since [R]=0 € &(R), [4] € #(R) is such that [4] =0 iff 4 is an ideal of R.
For if A is an ideal of R, then A< R so that v(4)=v(R)=0, for all v € F. On the
other hand, if [4]=0, then v(4) 20 for all v € F so that A<(,.r R,=R. Further-
more, if each v € Fis discrete, then [4]> 0 iff A< P(v) for some v € F. For if [4]>0,
then, since each v is discrete, v(4)=1>0 for some v € F. But then 4<P(v), and
conversely. We can use these properties of < to characterize the positive elements
of &/(R) when the elements of F are discrete.

For n a positive integer and P a minimal prime of R, put P™=P"R, N R.
We shall assume that F satisfies (i), (ii), (iii) in Propositions 1.7 and 1.8.

PRrOPOSITION 1.7. If P is a minimal prime of R and P=P(v) for some v € F, then
P™={x e R | v(x)=n} for every positive integer n.

Proof. We have P™W=P"R, N R=(PRp)" N\ R. So if x e P™, then x € (PRp)"
and so v(x)Zn; i.e., PW<{x € R | v(x)=n}. On the other hand, if x € R is such
that v(x)=n, then x € P and hence x € PR;. Since v(x)=n we have x € (PRp)",
and so xe P™; ie., {x | x€ R, v(x)Zn}<P™.

As is well known, P™ is a P-primary ideal of R.

PROPOSITION 1.8. Let A be an ideal of R such that [A]>0, and let
J={jel|v(A) > 0}.
Then A<(\e; P{*?, and [Al=[Nje; P{"P), where for each jeJ, P;=P(v;) and
ny=v;(4).

Proof. If x e A4, jeJ, then v(x)=v(4)=n;; i.e., x € P{® by Proposition 1.7.
Thus for each jeJ, ASP{"?; i.e., AS(\se; Pi"?; which proves the first assertion.
Now let k eJ. Since A=(,e; Pi™, We have v, (4) 2 v, ((Nyjes P§*?). On the other
hand, let x € (N,e; P{™. Then x € P{™, and v,(x) 2 n=1,(4); i.e., v(Nses Pi™)
2v(A4). So if keJ, then v (A)=v,(Nje; Pi™). If keI-J, then 0=v,(4)=
U(Myes P$*) 20; ie., 0,(A)=0=0,(\ses P{*) for all k € I-J, Thus

o) = u(() PI)

for all ie I; i.e., [A]=[Nye; P{™].
It follows that (),.; P{" is the largest ideal B of R such that [4]=[B].
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We now drop the assumption that each v € F is discrete so that F satisfies (i),
(ii) and (iii). Property (i) says that R, is a rank one valuation ring and hence
completely integrally closed for each v e F. Property (ii) shows that R is the
intersection of completely integrally closed overrings and hence is completely
integrally closed. So (i) and (ii) insure that Z(R) is a group. We now study relations
between the semigroup /(R) and the group 2(R).

The next two propositions have been proved in [6] for the case when F is the
family of essential valuations of an AD-domain R.

PROPOSITION 1.9. Let A € I(R). Then, considering [A] and divy (A) as subsets of
I(R), [A]=divg (4).

Proof. Let B [A4]. Then v(B)=v(A4) for all v € F. If A< Rx, then v(4) = v(Rx)
=v(x), and so v(B)=v(x) for all ve F. If b € B, then v(b)—v(x)=0 for all v e F;
i.e., v(b/x)= 0 for all v e F. Thus if b € B then b/x € (er Ry=R, and b € Rx; i.e.,
Bc Rx. Similarly, if B Ry then A< Ry. In this case, A=(\4cry RY={\s<rx RX
=B, and divy (4)=div, (B). Hence B € divy (4).

PROPOSITION 1.10. The map g: /(R) — 2(R) defined by g([A])=divg (A4) is an
order preserving homomorphism of the partially ordered semigroup s/(R) onto the
lattice ordered group D(R).

Proof. Proposition 1.9 shows that g is well defined and onto. It follows directly
that g is a homomorphism. To see that g preserves order, suppose [4], [B] € #(R)
with [A] = [B]. If A< Rx, it follows as in the proof of 1.9 that BS Rx so that A< B,
and hence divy (4) £ divg (B).

Now let T be a domain such that R 7T< K and such that there is a subfamily G
of F such that T=(yce R, It is easy to show that G is a family of valuations for
T satisfying (i), (ii), (iii).

ProposITION 1.11. The map o: Z(R) — L (T), defined by o([A])=[AT], is an
order preserving homomorphism of Z(R) onto Z(T).

Proof. Here, «/(T) denotes the semigroup of fractionary ideal classes of T
formed with the family G.

It is clear that o is well defined. To see that o is onto, let  be any nonzero
fractionary ideal of T. Then % =(1/d)%#, where & is an ideal of T, de R, d#0.
Put 4=(1/d)B, where B=% N R. It can be shown that v(B)=uv(%) for all ve G,
and hence o([4])=[#]. It is straightforward to show that ¢ is a homomorphism
which preserves order.

COROLLARY 1.12. If T is as in 1.11, then 2(T) is a homomorphic image of /(R).
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Let T be as in 1.11, and consider the following diagram:
Diagram 1.13.

H(R)——> (T

gll lgz

D(R) -~ D(T)

Here o is the homomorphism of 1.11, g, and g, are the canonical homomorphisms
of 1.10. In general, this diagram may not be completed commutatively by a
homomorphism p. For let R be an AD-domain which is not Dedekind, and let F
denote the family of essential valuations of R. By a result in [6], R contains at
least one proper prime P which is not divisoriel. Then P<P, and hence P=R
since P is maximal. Since R is AD, there is v € F such that P=P(v), for some v € F.
Take T=Rp=R, and assume that p completes the following diagram commuta-
tively:
Diagram 1.14.

#(R) ——> (Ry)

gll lgz

2R —L> 2(R,)

Then we must have p(g,([P])) =g2(c([P])). However, g,([P])=div; (P)=0 (since
P=R) so that p(g,([P]))=0; and on the other hand o([P])=[PR;]. But since R,
is a Dedekind domain with unique maximal ideal PRp, we have that divg, (PRp)>0;
i.e., g2(o([P])) =divg, (PRp)>0. Thus pg, #g.0, contradicting our assumption on
p. This proves the assertion that, in general, Diagram 1.13 may not be completed
commutatively.

Equivalent conditions for an AD-domain R to be Dedekind are given in terms
of &Z(R) in [6]. If we are to extend these results we need to know something about
the inverses of elements of &/(R) whenever they exist.

PROPOSITION 1.15. If [A] € Z(R) has an inverse then —[A]=[R: A].

Proof. Suppose [4] € &/(R) has an inverse [B]. Since the canonical map g:
H(R) - Z(R) is a homomorphism, we must have that g(—[4])=—g([4])=
—divg (4)=divy (R: ). Thus g([B])=g(—[4])=divx (R:4). But by definition of
g, g([B]) =divg (B) so that divg (B)=divg (R: A4). Since R:A is divisoriel we have
BcB=R:A=R:A4. Then AB< A(R: A)<R so that 0=[4B]=[4(R: 4)]20. Thus
0=[A]+[B]=[A]+[R:A]; i.e., —[A]=[B]=[R: 4]

Now consider the following diagram.
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Diagram 1.16.
S (R) —L>1X !

gl ,,”A

IR

Here g is the canonical homomorphism and f is the homomorphism of 1.4. g is
surjective and f'is injective.

PROPOSITION 1.17. Diagram 1.16 may be completed commutatively by a homo-
morphism A iff g is an isomorphism.

We can now prove the following theorem.

THEOREM 1.18. Let R be an integral domain with quotient field K, and let F be a
Sfamily of valuations satisfying (i), (ii), (iii). The following statements are equivalent.

(1) L(R) is a group.

(2) R:A=R:B = [A]=[B), for all A, B < I(R).

3) v(A)=v(A) for all A€ I(R) and ve F.

(4) The map g: S(R) — 2(R) is an isomorphism.

Proof. (1) = (2) Suppose &/(R) is a group. Let 4, B I(R) be such that R: 4
=R:B. By 1.15 we have —[4]=[R: A]=[R:B]= —[B] and hence [4]=[B].

(2) = (3) We have R:A=R:4 for all A e I(R). If (2) holds then [4]=[A4] for
all A € I(R); i.e., v(d)=v(A) for all v € F, A € I(R).

(3) = (4) Consider Diagram 1.16. If v(4)=v(4) for all ve F and 4 € I(R), we
can define A: Z(R) — X' by A(divg (4)) =(v:(A4))ic;- It follows that A is a homo-
morphism and that A o g=f. By 1.17, g is an isomorphism.

(4) = (1) obvious.

We observe that the converse of statement (2) in 1.18 is always true in R. For if
[A]1=[B], then A € [B]<divg (B), and B € divy (B) so that divy (4)=div; (B) and
hence R:A=R:B.

When the valuations in F are discrete we obtain a partial generalization of a
result in [6] with the aid of the following lemma.

LeMMA 1.19. Assume that each v € F is discrete. Fhen for each v € F, if divy (P(v))
#0 then P(v)=(P(v))~.

Proof. We have P(v)<(P(v))~ < R. If P(v) <(P(v))~, there is x € (P(v))~, x ¢ P(v).
Then v(x)=0=0v(P(v))~. Also, for w € F, w#v, we have 0=w(P(v)) =2 w(P(v))~ 20.
Thus [(P(v))~]=0. Since the canonical map g from #/(R) onto Z(R) is a homo-
morphism, we should have 0=[(P(v))~]— divg (P(v))~ =divs (P(v))=0. But
divg (P(v)) #0 by assumption. Thus we must have (P(v))~ =P(v) if divg (P(v))#0.

THEOREM 1.20. Assume each v € F is discrete. Then the canonical map g from
S(R) onto D(R) is an isomorphism iff P(v) is divisoriel for each v € F.
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Proof. (=) Suppose g is an isomorphism. If P=P(v) for some v e F, then
[P]>0 since v(P)=1. If P is not divisoriel then g([P])=div; (P)=0, by Lemma
1.19. But then g is not 1-1 and hence not an isomorphism. For [R]=0+#[P].

(<=) Suppose P(v) is divisoriel for each ve F. Then if 4 € I(R) is such that
divg (4)=0 we must have A< R (for this result see [1, bottom of p. 4]). Moreover,
A% P(v) for any v e F. For if A<P=P(v) for some v € F, then divy (4)2div (P)
>0, a contradiction. Thus g([4])=0 iff [4]=0. Now suppose [4], [B] € &/(R) are
such that g([4])=g([B]). Then divg (4)=divg (B) so that divy (4)—divg (B)=0
=divg (B)—divg (4); i.e., divy (4:B)=0=divg (B:A4). Since g([4:B])=g([B:A4))
=0, we must have [4:B]=0=[B: A]. Since each v € F is discrete, for each ve F
there is x € A: B such that v(x)=v(4:B)=0. Now xB< 4 (by definition of 4:B)
so that v(x)+v(B)=v(xB)=v(A); i.e., v(B)Zv(A4). Thus v(B)=v(4) for all ve F.
Similarly v(4) 2 v(B) for all v € F, and [4]=[B]. This shows that g is 1-1 and hence
an isomorphism.

When R is AD, the author has shown in [6] that P(v) is divisoriel for each v € F
iff R is Dedekind. To date, however, the author has been unable to prove the
following conjecture: If R is AK and P(v) is divisoriel for each v € F, then R is a
Krull domain.

When R is AK, we do have the following theorem.

THEOREM 1.21. Let R be an AK-domain with family F of essential valuations and
let A denote the collection of maximal ideals of R. Every minimal prime of R is
divisoriel iff A=\yea (ARy)~ for every ideal A of R.

Proof. Here A=\,cp. Rx and (4Ry)~ =(\ary<ryy Ruy. For any maximal
ideal M of R, F,, denotes the family of essential valuations of the Krull domain
R, Recall that F,<F.

(=) Let 4 be an ideal of R. If M is any maximal ideal of R then v(4)=v(AR,,)
for all v e Fy. Since Ry is a Krull domain, v(4Ry)=v(4R,)~ for all ve F, so
that v(4)=V(AR,)"~ for all v € Fy,.

Case 1. v(A)=0for allve F.

Then P< A for every minimal prime P of R. In this case 4A=R=(\yea Ry=
mMeA (ARM)~~

Case 2. v(A)>0 for some v € F.

For each maximal ideal M of R, if there is v € F), such that 0 <v(4)=v(4R,)",
then we can write
ARW~ = N O,

ViEF M3V 4(A) > 0
where n,=v,(ARy)~ and Q, is the center of v; on R,. Then for each i such that
v(4)>0 we have Q;=P.R, where P,=P(v,) in R. Thus (ARy)~ = (P:Ry)™
=i (PiRy)"Rp) N Ry=("\; (PMRp, N R,) where i runs over all indices such
that v, € Fy, and v,(4) >0, and n,=v,(4) for each such i. It can then be shown that,
C=Nuea (ARy)~ =N {P{™ | v, € F, v,(4) > 0}. Then [C]=[A]. Since [4]=divz (4),
it follows that A=C.
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(<) Suppose P is a minimal prime of R. If M € A, then either PEM or P¢ M.
If P& M then PRy=R,. If P< M, then PRy is a minimal prime of the Krull
domain R,, and thus (PR,)~ =PR,. Since P is contained in some maximal ideal
M we have P=\yea (PRy)~ =Nmea PRy =P.

We now drop the assumption that R is an AK-domain and assume only that F
satisfies axioms (i), (ii), (iii) at the beginning of this section. The next lemma tells
us more about the elements of .2/(R) which have inverses and enables us to partially
describe 2(R) in certain cases where &/(R) may not be a group.

LEmMMA 1.22. If [A] € #(R) is such that [A] has an inverse then [4]=[A].

Proof. If [4] € #(R) has an inverse then —[4]=[R:A4] by Proposition 1.15.
Now A< 4 and R:A=R:A. Thus A(R: A)< A(R: A)= A(R: A)< R. These contain-
ment relations yield the following: 0=[A(R: 4)] = [4(R: A)] 20. Thus

0 = [A]+[R:4] = [A]1+[R:4] and [A4] = [4].

COROLLARY 1.23. If[A], [B] have inverses in s/(R), then [A)+[B]=[AB]=[A4B]";
i.e., (AB)=v(AB)" for allve F.

Proof. By 1.22 above, if [A4], [B] have inverses then [4]=[A] and [B]=[5].
Moreover, [4]+[B] has an inverse. Thus [4]+[B]=[4B]=[4B]~ by 1.22; i..,
[4]+[B]=[4B]=[4B]". _

Now consider the map p: 2(R) — X! defined by p(divy (4))=@i(4))ies. p is
well defined, for if divy (4) =divy (B) then A= B. Conversely, if (0,(A))ic;=(0(B))ics
then [B]=[4] and so divg (4)=divy (d)=divg (B)=divy;(B) by the remark
following the proof of 1.18. Thus p is 1-1. We can now give a description of Z(R)
when R is fairly well behaved.

THEOREM 1.24. The map p: 2(R) — X' defined by p(divy (4)) = (0(A))es is 1-1.
Furthermore p is a homomorphism iff [A] € Z(R) has an inverse for all A € I(R).

Proof. The first assertion is proved in the immediately preceding remarks. We
now prove the second assertion.

(=) Suppose p is a homomorphism. Then since Z(R) is a group, for divy (4)
€ 2(R), —divy(A)=divg (R:A4). Thus p(divy (4)+divg (R:A4))=0=p(divg (4))
+ p(divg (R: A)) = 0y(A))ier + (0:(R: A));e;. Tt follows that [A] has an inverse in &/ (R).

(=) Suppose that [4] has an inverse for all 4 € I(R). By Corollary 1.23, we have
that [4B]=[4B]"~ for all 4, Be I(R). Thus for A4, Be I(R) we have p(divy (4B))
=(AB)ier= O AB))ier =0l A))ier + (vi(g))iel = p(divg (4)) +p(divg (B)) and p is a
homomorphism.

Now, let R be an AK-domain. Then R; is a Krull domain for any prime ideal
P of R. However, these are not the only Krull domains T such that ReT<K.
Forif A={P,, ..., P,}is any finite collection of prime ideals of R then T=(\p,ca Rp,
is also a Krull domain. Thus there is a large class of Krull domains T such that
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RcT< K. When R is an AK-domain in which every minimal prime is divisoriel
we always have that 2(T) is a homomorphic image of 2(R), where T is an AK-
domain such that R€T<K. For, &(T) is a homomorphic image of the group
&/(R) and so is a group. Then &Z(R)~ 2(R) and & (T)=2(T). When T is a Krull
domain and R is an AK-domain for which the map p of Theorem 1.24 is a homo-
morphism we also get that 2(T') is a homomorphic image of 2(R) as follows.

PROPOSITION 1.25. Let R be an AK-domain and let T be a Krull domain such
that RET<K. If [A] has an inverse for every [A] € Z(R) then the map v: D(R)
— 9(T), defined by 7(divy (4))=divy (AT), is a homomorphism of D(R) onto D(T).

Proof. ~ is well defined, for if divy (4)=divy (B) then 4=5 so that AT=BT.
Now consider the following diagram.
Diagram 1.26.

PR - 71

wHT) >z

Here, I is the index set for the family of essential valuations of R; J is the index set
for the family of essential valuations of T; = is the projection of Z’ onto Z";
p is the (injective) homomorphism of 1.24; y is the injection of 1.4. It is well known
that vy is also surjective; i.e., y is an isomorphism. Consider the map y~1omo p:
D(R) — 2(T). We have, for divy(4)e D(R), (y~*omo p)(divg (A)=(y tom)
x (0(A))er=7y " 2((v)(A))e,). Since T is a Krull domain we have that v(B)=uv(B)
for all fractionary ideals B of T and all essential valuations v. Thus (v,(4))se;s
= (vj(ZT))fel =(01(I‘TT)~):‘51 so that y~ 1((”1(1))@) =divg (AT). Then y~tomop=7
and 7 is a homomorphism since = is a composition of homomorphisms. To see
that  is surjective it is sufficient to show that for every divisoriel fractionary ideal
% of T there is a divisoriel fractionary ideal 4 of R such that 7(divy (4))=divy (%).
So let % be a fractionary ideal of T. There are elements x, y € K such that #=Tx
N Ty [1, p. 13]. Let A=Rx N Ry. Then A is divisoriel and v(4)=vy(%) for all
jeJ and 7(divg (4))=divy (%).

2. Let R be an integral domain with quotient field K. Suppose that F is a family
of valuations on X satisfying the following:

(1) R=mveF R,

(2) Ry=Rp,, for each ve F.
Following Gilmer in [3], we make the following definition.

DErFINITION 2.1. We say that R satisfies property (%) with respect to F iff for
distinct subsets F;, F, of F we have that (Nyer, Ry #Nuer, Ru-

When R is a Prufer domain and F is the family of valuations induced by the
collection of maximal ideals, then property (%) is the same as property (%) in [2].
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For v € F, we let F,=F—{v}.

PROPOSITION 2.2. R “has property ( ) with respect to F iff for each veF,
nwsn R‘W$ Rﬁ'

Proof. The proof is substantially the same as that of Lemma 1 in [2] and is
omitted.

COROLLARY 2.3. If R satisfies (%) with respect to F and if G is any nonempty
subset of F, then T=("\,c¢ R, satisfies (%) with respect to G.

We note that if R satisfies (%) with respect to F then P(v)&P(w) for v#w.
For if P(v)< P(w) for some w#v, then Rpu,S Rpy; i€., R,SR,. Then we have

the following: (mueF-(v,w) Ru) N (Rv N Rw) = (nueF—(v.w) Ru) N Rw =nuei‘., Rua and
F+#F,, a contradiction.

PROPOSITION 2.4. If F is of finite character and is such that P(u)¢P(v) if u#v,
then R satisfies (%) with respect to F.

Proof. Let v € Fand let x € R, x#0, be such that v(x)>0. Let v,, .. ., v, be the
distinct (from v and each other) valuations such that v,(x)#0, i=1, ..., n. There
exists y € (M=, P(v))—P(v). For if M-, P(v) < P(v), then [T, P)SNi-1 P(v)
< P(v) and so P(v;)< P(v) for some j, 1 <j<n, contradicting our hypothesis. Choose
n large enough so that w(y™/x)20 for w € F,. This is possible since F is of finite
character and w(y)=0 for all w € F,. Then w(y™/x)=0 for all w e F, and v(y™/x)
= —v(x)<0. Thus y"/x € (Muwer, Rw) — Ry; 1.€., MNuer, RwE Ry So R satisfies (%)
with respect to F by 2.2.

Let R be an integral domain with family F of valuations satisfying (1) and (2)
listed at the beginning of this section. R is called a generalized Krull domain if F
satisfies the following two additional properties (see [5]).

(3) Each v € F has rank one.

(4) Fis of finite character.

COROLLARY 2.5. If R is a Krull domain, or a generalized Krull domain with family
F of valuations, then R satisfies (%) with respect to F.

Proof. In this case F is a family of rank one valuations of finite character, so
that if u, v € F, u#v, then P(v)¢ P(u).

PROPOSITION 2.6. Let R be an AD-domain. The following conditions on R are
equivalent.

(1) R satisfies (%) with respect to F, the family of essential valuations of R.

(2) R is Dedekind.

(3) Every minimal prime of R is divisoriel.

Proof. (1) <> (2) is Theorem 3 of [3].
(2) < (3) is found in [6].
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Thus we see that in the case of almost-Dedekind domains, the divisoriel property
of the minimal prime ideals completely determines whether or not R satisfies
property (%). We shall see that the divisoriel property of the minimal primes is
always sufficient for R to satisfy ().

PROPOSITION 2.7. Let R be an integral domain with family F of valuations such
that
(i) Each v € F has rank one.
(i) R=ver Ry
(iii) R,= Ry, for each v e F.
If P(v) is divisoriel for each v € F, then R satisfies (%) with respect to F.

Proof. We note that since R is the intersection of rank one valuation rings,
R is completely integrally closed and hence Z(R) is a group. If each P(v) is divisoriel,
then each v € F is discrete. For if P=P(v) is divisoriel we must have P2 < P. For if
P2=P, then divy(P2)=divg (P); i.e., 2div(P)=div(P). Thus div(P)=0 and
P=R#P, contradicting P=P.

Since P2< P, we have P2R,<PR; and so R; is a discrete valuation ring. We
now show that {P(v) | v € F} is the set of all minimal divisoriel primes of R. Clearly,
{P(v) | ve F} is contained in the set of all divisoriel minimal primes. Now let P
be a minimal, divisoriel prime of R. If P+ P(v) for any v € F, then P¢ P(v) for any
ve Fand.so v(P)=0 for all v € F; i.e., [P]=0. But then we would have g([P])=0;
i.e., div(P)=0; i.e., P=R, contradicting P=P < R. So we must have that

{P@) |ve F}

is the set of all divisoriel minimal primes of R. Now let G be any subset of F such
that R={"ucc Ry P(u) is divisoriel for each u € G since GS F. By what we have just
shown, {P(u) | u € G} is the collection of all minimal divisoriel primes of R; i.c.,
G=F. Thus for any v € F, (,er, Ry & R, and so R satisfies (%) with respect to F.

The first part of the proof of Proposition 2.7 shows that if P is the center of a
rank one valuation v, then v is discrete if P is divisoriel. This enables us to
characterize Krull domains in the class of generalized Krull domains as follows.

COROLLARY 2.8. Let R be a generalized Krull domain with family F of valuations.
R is a Krull domain iff P(v) is divisoriel for each v € F.

Let R be an integral domain with quotient field K and let F be a family of
valuations on K satisfying conditions (1) and (2) stated at the beginning of this
section. Let x be an indeterminate and let F’ denote the family of valuations on
K(x) which are canonical extensions of elements of F. Let G denote the family of
p(x)-adic valuations on K(x), where p(x) is a nonconstani irreducible polynomial
in K[x]. Then F’ U G is a family of valuations on K(x) satisfying (1) and (2) with
R[x] in place of R.
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PROPOSITION 2.9. If R satisfies (3) with respect to F, then R[x] satisfies (%) with
respect to F' U G.

Proof. Let we F' U G. If w e G, then w is a p(x)-adic valuation for some non-
constant irreducible polynomial p(x)e K[x]. Without loss of generality we may
assume that p(x) € R[x]. Suppose p(x)=a,x"+a,_x""*+---+a;x+a, a€R.
Let b=[1.,+0 ax. Then b#0 since a,#0, and v(b)=3,, ¢ o v(ax) = Min,s,<, v(a,)
for all v € Fsince b€ R and a, € R for all k=0, 1,..., n, and every v € F is non-
negative on R. Then for v" € F’, v'(b/p(x)) =v"(b) — v'(p(x)) =v(b) — min,s,<, v(a;)
20. If ue G and u#w, then u is a g(x)-adic valuation for some nonconstant
irreducible polynomial g(x) such that g(x) t p(x). Then u(b/p(x))=0. Thus b/p(x)
€ Nuerver, (RIXDu.  b/p(x) ¢ (R[x]),, since w(b/p(x))=—1<0. Thus if weG
Nueroere (RIXDuE (R[X]),. On the other hand, if we F’, then w=0" for some
veF. Since (Nyer, RuER,, there is a€(Nuer, R)— RS (Nwer, RIxL) N K[x]
=(mu’eF'w R[x]u’) N (mzeG R[x]z)=nwe(F'uG).y R[x]w’ and a.¢ Rv- Then a ¢ R[x]v”
for v'(@)=v(a) <0. Thus for every we F' U G we have (o, RIXLE RIx)y
and thus R[x] satisfies (%) with respect to F' U G by 2.2.

3. In [6] it was shown that if R is an almost-Dedekind domain with family F
of essential valuations, then R is Dedekind iff every minimal prime of R is divisoriel.
Thus in an AD-domain R, every minimal prime is divisoriel iff Fis of finite character.
In §1 it was conjectured that if R is an AK-domain with family F of essential
valuations, then R is Krull if P(v) is divisoriel for each v € F; i.e., F is of finite
character if P(v) is divisoriel for each v € F. In this section we give an example to
show that this conjecture is false if the AK requirement is dropped. We also give
an example of an AK-domain which is neither a Krull domain nor an AD-domain.

Let R denote the set of entire functions, C denote the set of complex numbers,
Z denote the additive group of integers. It is well known that R is an integral
domain under the usual pointwise definitions of addition and multiplication. For
a e C we define v,: R—{0} — Z by v,(f(2))=n if a is a zero of f(z) of order n. If
a is not a zero of f(z) then v,(f(2))=0. If f(z)=0 we put v,(f(z))= +o0o for each
z € C. It is easy to show that each v, can be extended to a valuation on the quotient
field of R. We let F denote this family of valuations. F has the following properties:
(i) Each v € F has rank one and is discrete; (ii) R=" {R, | v € F}; (iii) R,=Rp,)
for each v € F; (iv) For a € C, P(v,)=(z—a)R, and hence is divisoriel; (v) F is not
of finite character. Furthermore, P(v) is maximal for each » € F. However, these
are not all the maximal ideals of R. For let {z,}7., be a sequence of complex
numbers such that lim z,=oco. For each positive integer m, let f,(z) be an entire
function whose zeros are exactly {z,, z,,1,...}. The ideal generated by {fi(2),
fo(2), ...} is proper and is contained in a maximal ideal M. However, R, is not a
Krull domain. It follows that R is not AK.

It was shown in [7] that if R is AK and Xj,..., X, are indeterminates, then
R[X,,..., X,]is AK. Let R be an AD-domain which is not a Dedekind domain.
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Such a domain is given in example 2 of [2]. Then R[X}, ..., X,]is an AK-domain
which is neither a Krull domain nor an AD-domain. We observe that example 1
of [2] is a generalized Krull domain which is not a Krull domain.

Author’s Note. This paper constitutes a part of a Ph.D. dissertation written
under the direction of Professor Paul J. McCarthy at the University of Kansas.
The author is indebted to Professor McCarthy for his most valuable counsel and
advice during the course of this work.
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